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Abstract
Let D be a digraph on p ≥ 5 vertices with minimum degree at least p − 1 and with minimum semi-
degree at least p/2− 1. For D (unless some extremal cases) we present a detailed proof of the following
results [12]: (i) D contains cycles of length 3, 4 and p− 1; (ii) if p = 2n, then D is hamiltonian.
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1. Introduction and Terminology
Ghouila-Houri [18] proved that every strong digraph on p vertices and with minimum degree at least
p is hamiltonian. There are many extentions of this theorem for digraphs and orgraphs. In particular,
in many papers, various degree conditions have been obtained for digraphs (orgraphs) to be hamiltonian
or pancyclic or vertex pancyclic (see e.g. [2]-[33]). C. Thomassen [31] proved that any digraph on
p = 2n + 1 vertices with minimum semi-degree at least n is hamiltonian unless some extremal cases,
which are characterized. In [9], we proved that if a digraph D on 2n+1 vertices satisfies the conditions of
this Tomassen’s theorem, then D also is pancyclic (the extremal cases are characterized). For additional
information on hamiltonian and pancyclic digraphs, see the book [1] by J. Bang-Jenssen and G. Gutin.
In this paper we present a detailed proof of the following results.
Every digraph D (unless some extremal cases) on p ≥ 5 vertices with minimum degree at least p− 1
and with minimum semi-degree at least p/2− 1: (i) D has cycles of length 3, 4 and p− 1; (ii) if p = 2n,
then D is hamiltonian (in [12], we gave only a short outline of the proofs of this results).
In this paper we will consider finite digraphs without loops and multiple arcs. We denote the vertex
set of digraph D by V (D) and its arc set by A(D). We will often use D instead of A(D) and V (D). The
arc from a vertex x to a vertex y will be denoted by xy. If xy is an arc, then we say that x dominates y
(or y is dominated by x). For A, B ⊂ V (D), we define A(A → B) as the set {xy ∈ A(D)/x ∈ A, y ∈ B}
and A(A,B) = A(A → B) ∪ A(B → A). If x ∈ V (D) and A = {x}, we often write x instead of
{x}. For disjoint subsets A and B of V (D), A → B means that every vertex of A dominates every
vertex of B. If C ⊂ V (D), A → B and B → C, then we write A → B → C. The outset of vertex
x is the set O(x) = {y ∈ V (D)/xy ∈ A(D)} and I(x) = {y ∈ V (D)/yx ∈ A(D)} is the inset of x.
Similarly, if A ⊆ V (D) then O(x,A) = {y ∈ A/xy ∈ A(D)} and I(x,A) = {y ∈ A/yx ∈ A(D)}. The
out-degree of x is od(x) = |O(x)| and id(x) = |I(x)| is the in-degree of x. Similarly, od(x,A) = |O(x,A)|
and id(x,A) = |I(x,A)|. The degree of the vertex x in D is defined as d(x) = id(x) + od(x). The
subdigraph of D induced by a subset A of V (D) is denoted by 〈A〉. All paths and cycles we consider
in this paper are directed and simple. The path ( respectively, the cycle ) consisting of distinct vertices
x1, x2, . . . , xn ( n ≥ 2) and arcs xixi+1, i ∈ [1, n− 1] ( respectively, xixi+1, i ∈ [1, n− 1], and xnx1 ), is
denoted by x1x2 . . . xn (respectively, x1x2 . . . xnx1 ). The cycle on k vertices is denoted Ck. For a cycle
Ck = x1x2 . . . xkx1, we take the indices modulo k, i.e., xs = xi for every s and i such that i ≡ smod k.
Two distinct vertices x and y are adjacent if xy ∈ A(D) or yx ∈ A(D) (or both) (i.e, x is adjacent
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with y and y is adjacent with x). The notation A(x, y) 6= ∅ (respectively, A(x, y) = ∅) means that the
vertices x and y are adjacent (respectively, are not adjacent).
The converse digraph
←−
D of a digraph D is the digraph obtained from D by reversing all arcs of D.
For an undirected graph G, we denote by G∗ symmetric digraph obtained from G by replacing every
edge xy with the pair xy, yx of arcs. Further, C∗(5) is a symmetric digraph obtained from undirected cycle
of length 5. Kn (respectively, Kn,m) denotes the complete undirected graph on n vertices (respectively,
undirected complete bipartite graph, with partite sets of cardinalities n and m), and Kn denotes the
complement of Kn. If G1 and G2 are undirected graphs, then G1 ∪ G2 is the disjoint union of G1 and
G2. The join of G1 and G2, denoted by G1 + G2, is the union of G1 ∪ G2 and of all the edges between
G1 and G2.
For integers a and b, let [a, b] denote the set of all integers which are not less than a and are not greater
than b. We refer the reader to J.Bang-Jensens and G.Gutin’s book [1] for notations and terminology not
defined here.
2. Preliminaries and Additional notations
Let us recall some well-known lemmas used in this paper.
Lemma 1 ([21]). Let D be a digraph on p ≥ 3 vertices containing a cycle Cm, m ∈ [2, p− 1]. Let x be a
vertex not contained in this cycle. If d(x,Cm) ≥ m+1, then D contains a cycle Ck for all k ∈ [2,m+1].
The following Lemma will be used extensively in the proofs our results.
Lemma 2 ([6]). Let D be a digraph on p ≥ 3 vertices containing a path P := x1x2 . . . xm, m ∈ [2, p− 1]
and let x be a vertex not contained in this path. If one of the following holds:
(i) d(x, P ) ≥ m+ 2;
(ii) d(x, P ) ≥ m+ 1 and xx1 /∈ D or xmx1 /∈ D;
(iii) d(x, P ) ≥ m, xx1 /∈ D and xmx /∈ D;
then there is an i ∈ [1,m− 1] such that xix, xxi+1 ∈ D, i.e., D contains a path x1x2 . . . xixxi+1 . . . xm of
length m (we say that x can be inserted into P or the path x1x2 . . . xixxi+1 . . . xm is extended from P
with x).
As an immediate consequence of Lemma 2, we get the following:
Lemma 3. Let D be a digraph on p ≥ 4 vertices and let P := x1x2 . . . xm, m ∈ [2, p − 2], be a
path of maximal length from x1 to xm in D. If the induced subdigraph 〈V (D) \ V (P )〉 is strong and
d(x, V (P )) = m + 1 for every vertex x ∈ V (D) \ V (P ), then there is an integer l ∈ [1,m] such that
O(x, V (P )) = {x1, x2, . . . , xl} and I(x, V (P )) = {xl, xl+1, . . . , xm}.
Now we introduce the following notations.
Notation. For any positive integer n, let H(n, n) denote the set of digraphs D on 2n vertices such that
V (D) = A ∪ B, 〈A〉 ≡ 〈B〉 ≡ K∗n, A(B → A) = ∅ and for every vertex x ∈ A (respectively, y ∈ B)
A(x → B) 6= ∅ (respectively, A(A → y) 6= ∅).
Notation. For any integer n ≥ 2, let H(n, n − 1, 1) denote the set of digraphs D on 2n vertices such
that V (D) = A∪B ∪ {a} , |A| = |B|+ 1 = n, A(〈A〉) = ∅, 〈B ∪ {a}〉 ⊆ K∗n, yz, zy ∈ D for each pair of
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vertices y ∈ A, z ∈ B and either I(a) = B and a→ A or O(a) = B and A→ a.
Notation. For any integer n ≥ 2 define the digraph H(2n) as follows: V (H(2n)) = A ∪ B ∪ {x, y},
〈A〉 ≡ 〈B〉 ≡ K∗n−1, A(A,B) = ∅, O(x) = {y} ∪ A, I(x) = O(y) = A ∪B and I(y) = {x} ∪B.
H ′(2n) is a digraph obtained from H(2n) by adding the arc yx.
Notation. Let D6 be a digraph with vertex set {x1, x2, . . . , x5, x} and arc set
{xixi+1 /1 ≤ i ≤ 4} ∪ {xxi/ 1 ≤ i ≤ 3} ∪ {x1x5, x2x5, x5x1, x5x4, x3x2, x3x, x4x1, x4x}.
By D′6 we denote a digraph obtained from D6 by adding the arc x2x4.
Note that the digraphs D6 and D
′
6 both are not hamiltonian and each of D6 and D
′
6 contains a cycle
of length 5.
Lemma 4. Let D be a digraph on p ≥ 3 vertices with minimum degree at least p− 1 and with minimum
semi-degree at least p/2− 1. Then
(i) either D is strong or D ∈ H(n, n);
(ii) if B ⊂ V (D), |B| ≥ (p+ 1)/2 and x ∈ V (D) \B, then A(x → B) 6= ∅ and A(B → x) 6= ∅.
3. A sufficient condition for the existence of cycles of length |V (D)| − 1 in digraph D
Theorem 1. Let D be a digraph on p ≥ 5 vertices with minimum degree at least p−1 and with minimum
semi-degree at least p/2− 1. Then D has a cycle of length p− 1 unless
D ∈ H(n, n) ∪ {[(Kn ∪Kn) +K1]
∗, H(2n), H ′(2n), C∗(5)} or else p = 2n and D ⊆ K∗n,n.
Proof. By Lemma 4(i), the result is easily verified if D is not strong. Assume that D is strong. Suppose,
on the contrary, that the theorem is not true. In particular, D contains no cycle of length p − 1. Let
C := Cm := x1x2 . . . xmx1 be an arbitrary non-hamiltonian cycle of maximum length in D. It is easy to
see that m ∈ [3, p− 2].
From Lemma 1 and the maximality of m it follows that for each vertex y ∈ B := V (D) \ V (C) and
for each i ∈ [1,m],
d(y, C) ≤ m, d(y,B) ≥ p−m− 1 and if xiy ∈ D, then yxi+1 /∈ D. (1)
Using d(y,B) ≥ p−m− 1 it is not difficult to show the following claim:
Claim 1. For any two distinct vertices x, y ∈ B if in subdigraph 〈B〉 there is no path from x to y, then
in 〈B〉 there is a path from y to x of length at most 2.
We first prove the following Claims 2 and 3.
Claim 2. The induced subdigraph 〈B〉 is strongly connected.
Proof. Suppose, on the contrary, that 〈B〉 is not strong. Let D1, D2, . . . , Ds (s ≥ 2) be the strong
components of 〈B〉 labeled in such a way that no vertex of Di dominates a vertex of Dj whenever i > j.
From Claim 1 it follows that for each pair of vertices y ∈ V (D1) and z ∈ V (Ds) in 〈B〉 there is a path
from y to z of length 1 or 2. We choose the vertices y ∈ V (D1) and z ∈ V (Ds) such that the path
y1y2 . . . yk, where y1 := y and yk := z, will have minimum length among all paths in 〈B〉 with origin
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vertex in D1 and terminus vertex in Ds. By Claim 1, k = 2 or k = 3. We consider the following tree cases.
Case 1. k < |B| = p−m.
It follows from the maximality of C that if xiy1 ∈ D, where i ∈ [1,m], then A(yk → {xi+1, xi+2,
. . . , xi+k}) = ∅. Since D is strong, we see that C 6⊆ I(y1). Therefore the vertex yk dose not dom-
inate at least id(y1, C) + 1 vertices of C. On the other hand, we have A(yk → V (D1)) = ∅ and
I(y1) ⊂ C ∪ V (D1). Hence the vertex yk dose not dominate at least id(y1) + 3 vertices. From this
we obtain od(yk) ≤ p− id(y1)− 3 ≤ p/2− 2, which is a contradiction.
Case 2. k = |B| = 2.
It is easy to see that s = 2, m = p− 2, V (D1) = {y1}, V (D2) = {y2}, I(y1) ⊂ C and
|A(xi → y1)|+ |A(y2 → xi+2)| ≤ 1
for all i ∈ [1,m]. Hence the vertex y2 dose not dominate at least id(y1) + 2 vertices. Therefore od(y2) ≤
p− id(y1)− 2 ≤ p/2− 1. It follows that p = 2n, id(y1) = od(y2) = n− 1 and
y2xi ∈ D if and only if xi−2y1 /∈ D. (2)
By Lemma 1, it is easy to see that d(y1) = d(y2) = 2n − 1 and od(y1) = id(y2) = n, m ≥ 4. Now we
divide this case into two subcases.
Subcase 2.1. y1 → {xi, xi+1} for some i ∈ [1,m].
Note that, by Lemma 2, without loss of generality, we may assume that xmy1 ∈ D, y1 → {x2, x3} and
A(x1, y1) = ∅. From this, (1) and (2) it follows that x2y1 /∈ D, y2x3, y2x4 ∈ D and A(x2, y2) = ∅. There-
fore, by Lemma 2 we have x1y2 ∈ D since d(y2, C) = 2n−2 and the vertex y2 cannot be inserted into the
path x3x4 . . . xmx1. If x2x1 ∈ D, then C2n−1 = xmy1x2x1y2x4 . . . xm. This contradicts our supposition
that D contains no cycle of length p− 1. Hence, x2x1 /∈ D. From this and A(x2, y2) = A(x2 → y1) = ∅
it follows that d(x2, {x3, x4, . . . , xm}) ≥ 2n− 3. Therefore by Lemma 2, xmx2 ∈ D since the vertex x2
cannot be inserted into the path x3x4 . . . xm. Now it is easy to see that |A(xi → y1)|+ |A(y2 → xi+1)| ≤ 1
for all i ∈ [2,m − 1]. Therefore x3y1 /∈ D since y2x4 ∈ D. From this and (2) it follows that y2x5 ∈ D
and x4y1 /∈ D. Continuing in this manner, we obtain that A({x5, x6, . . . , xm−1} → y1) = ∅. Therefore
A({x1, x2, . . . , xm−1} → y1) = ∅, which is a contradiction.
Subcase 2.2. |A(y1 → {xi, xi+1)| ≤ 1 for all i ∈ [1,m].
Since od(y1) = n, we can assume that O(y1) = {x1, x3, . . . , x2n−3, y2}. Using this and od(y2) =
id(y1) = n− 1, we obtain I(y1) = {x1, x3, . . . , x2n−3}. Therefore by (2),
O(y2) = {x2, x4, . . . , x2n−2} and I(y2) = {y1, x2, x4, . . . , x2n−2}.
If xixj ∈ D for distinct vertices xi, xj ∈ {x1, x3, . . . , x2n−3}, then C2n−1 = y1xixjxj+1 . . . xi−1y2xi+1 . . .
xj−2y1, when |{xi+1, xi+2, . . . , xj−1}| ≥ 2 and C2n−1 = xixjy1y2xj+1xj+2 . . . xi−1xi, when |{xi+1, xi+2,
. . . , xj−1}| = 1. This contradicts that Cp−1 6⊂ D. Thus we have
A(〈{x1, x3, . . . , x2n−3, y2}〉) = ∅.
Considering the digraph
←−
D , by the same arguments we obtain
A(〈{x2, x4, . . . , x2n−2, y1}〉) = ∅.
Therefore D ⊆ K∗n,n, which contradicts our supposition that the theorem is not true.
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Case 3. k =| B |= 3.
From the minimality of k it follows that y1y3 /∈ D, s = 3, A({y2, y3} → y1) = ∅ and V (D1) = {y1}.
Hence I(y1) ⊂ C. On the other hand, from the maximality of the cycle C it follows that for each i ∈ [1,m]
if xiy1 ∈ D, then A(y2 → {xi+1, xi+2}) = ∅.
Therefore y2 dose not dominate at least id(y1) + 3 vertices, a contradiction. Claim 2 is proved.
Claim 3. At least two distinct vertices of C are adjacent with some vertices of B.
Proof. Assume that Claim 3 is not true. Then exactly one vertex, say x, of C is adjacent with some
vertices of B. Hence for each vertex xi ∈ C \ {x} and for each vertex y ∈ B we have
d(xi) = d(xi, C) ≤ 2m− 2 and d(y) = d(y,B) + d(y, x) ≤ 2p− 2m.
Since d(xi) + d(y) ≥ 2p− 2, we conclude that the inequalities above are equalities. This implies that the
subdigraphs 〈C〉 and 〈B ∪ {x}〉 are complete. From d(xi) = 2m− 2 ≥ p− 1 and d(y) = 2p− 2m ≥ p− 1,
we obtain that p = 2m− 1. Therefore G ≡ [(Km−1 ∪Km−1) +K1]∗, which contradicts our supposition.
This proves Claim 3.
Since D is strong, then A(C → B) 6= ∅ and A(B → C) 6= ∅. Together with Claim 3 this implies that
there are vertices xa 6= xb, xa, xb ∈ C and x, y ∈ B such that xax, yxb ∈ D and
A({xa+1, xa+2, . . . , xb−1}, B) = ∅, if xb 6= xa+1. (3)
To be definite, assume that xb := x1 and xa := xm−h (0 ≤ h ≤ m−2). We consider the following two cases.
Case 1. xm−h+1 6= x1 (i.e., h ≥ 1).
Consider the paths P0, P1, . . . , Pk (0 ≤ k ≤ h and k is as maximum as possible), where P :=
P0 := x1x2 . . . xm−h and the path Pi, i ∈ [1, k], is extended from the path Pi−1 with a vertex zi ∈
{xm−h+1, xm−h+2, . . . , xm} \ {z1, z2, . . . , zi−1}. Note that the path Pi, i ∈ [0, k], contains m − h + i
vertices. It follows that some vertices y1, y2, . . . , yd ∈ {xm−h+1, xm−h+2, . . . , xm}, where 1 ≤ d ≤ h, dose
not containing the extended path Pk. Therefore, using (3) and Lemma 2, for each z ∈ B and for each yi
we obtain
d(z) = d(z,B) + d(z, C) ≤ 2p− 2m− 2 +m− h+ 1 = 2p−m− h− 1
and
d(yi) = d(yi, C) ≤ m+ d− 1.
Hence it is clear that
2p− 2 ≤ d(z) + d(yi) ≤ 2p+ d− h− 2.
It is not difficult to see that h = d, d(z, C) = m − h + 1, d(yi, C) = m + h − 1 and the subdi-
graphs 〈B〉 and 〈{xm−h+1, xm−h+2, . . . , xm}〉 are complete. By Lemma 2(ii), we also have xm−h →
B ∪ {xm−h+1, xm−h+2, . . . , xm} → x1. It is easy to see that h = |B| = p − m ≥ 2 and the path
P = x1x2 . . . xm−h has maximum length among all paths from x1 to xm−h in subdigraph 〈C〉 and in
subdigraph 〈B ∪ {x1, x2, . . . , xm−h}〉. Therefore by Lemma 3, there are integers l ∈ [1,m − h] and
r ∈ [1,m− h] such that
O(u, P ) = {x1, x2, . . . , xl}, I(u, P ) = {xl, xl+1, . . . , xm−h},
O(z, P ) = {x1, x2, . . . , xr}, I(z, P ) = {xr, xr+1, . . . , xm−h}. (4)
for all u ∈ B and for all z ∈ {xm−h+1, xm−h+2, . . . , xm}.
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Without loss of generality, we may assume that l ≤ r (otherwise we will consider the digraph
←−
D).
Let l = 1. Then from od(u) ≥ p/2−1 and (4) it follows that h ≥ p/2−1 and p ≥ 2(p/2−1)+m−h =
p − 2 + m − h. Since m − h ≥ 2, we see that p = 2n, m − h = 2, h = n − 1 and r = 2. Therefore
G ∈ {H(2n), H ′(2n)}, which contradicts the our supposition.
Let now l ≥ 2. We can assume that r ≤ m − h − 1 (otherwise in digraph
←−
D we will have the
considered case l = 1). Since 〈{xm−h+1, xm−h+2, . . . , xm}〉 are complete and (4), for each vertex z ∈
{xm−h+1, xm−h+2, . . . , xm} we have I(z) = {xr, xr+1, . . . , xm} \ {z}. This implies that m − r ≥ p/2 −
1. If i ∈ [r + 1,m − h] and x1xi ∈ D then by (4) and 2 ≤ l ≤ r ≤ m − h − 1 we have Cm+1 =
x1xixi+1 . . . xmx2 . . . xi−1xx1, where x ∈ B, a contradiction. Because of this and 2 ≤ l ≤ r, we may
assume that
A(x1 → B ∪ {xr+1, xr+2, . . . , xm}) = ∅.
Therefore, since m − r ≥ p/2− 1 and |B| = h ≥ 2, we obtain od(x1) ≤ p − 1 − h − (m − r) ≤ p/2 − h,
which contradicts the condition that od(x1) ≥ p/2− 1.
Case 2. xm−h+1 = x1 (i.e., h = 0).
Then any path from x to y in 〈B〉 is a hamiltonian path. Let u1u2 . . . up−m be a hamiltonian path in
〈B〉, where u1 := x, up−m := y. From this, if 1 ≤ i < j ≤ p−m, then uiuj ∈ D if and only if j = i+ 1.
For this case (h = 0) we first prove Claims 4-9.
Claim 4. p−m = 2 (i.e., m = p− 2).
Proof. Suppose, to the contrary, that p−m ≥ 3. It follows from observations above that u1up−m /∈ D
and od(u1, B) = id(up−m, B) = 1. From this and (1), we obtain
p− 1 ≤ d(u1) ≤ m+ 1 + id(u1, B) and p− 1 ≤ d(up−m) ≤ m+ 1 + od(up−m, B).
This implies that id(u1, B) and od(up−m, B) ≥ p −m − 2. Therefore in 〈B〉 there is a path from up−m
to u1 of length k = 1 or k = 2 since p−m ≥ 3. For any integer l ≥ 1 , put
I+l := {xj/ xj−lup−m ∈ D}.
Since id(up−m, C) = id(up−m)− 1 and C 6⊆ I(up−m), we see that for each l ∈ [1, 2],
|I+l ∪ I
+
l+1| ≥ id(up−m).
From the maximality of the cycle C it follows that A(u1 → I
+
k ∪ I
+
k+1) = ∅. Together with A(u1 →
{u3, u4, . . . , up−m}) = ∅ this implies that
p/2− 1 ≤ od(u1) ≤ p− 1− |I
+
k ∪ I
+
k+1| − (p−m− 2) ≤ m+ 1− id(up−m) ≤ m+ 1− p/2 + 1.
Therefore, since m ≤ p − 3, we obtain that p − m = 3, p = 2n and od(u1) = id(u3) = n − 1. Hence,
id(u1) and od(u3) ≥ n. We now claim that u3u1 and u2u1 ∈ D. Indeed, otherwise id(u1, C) ≥ n− 1 and
if xiu1 ∈ D, then A(u3 → {xi+2, xi+3}) = ∅. From this it is not difficult to see that od(u3) ≤ n − 1,
which contradicts the fact that od(u3) ≥ n.
Similarly, we can see that u3u2 ∈ D. So we have u3u1, u2u1, u3u2 ∈ D. Then, since id(u3, C) = n−2,
m ≥ n,m ≥ id(u3, C)+2 and C is a non-hamiltonian cycle of maximal length, it follows that |∪3i=1I
+
i | ≥ n
and A(u1 → ∪3i=1I
+
i ) = ∅. Together with u1u3 /∈ D this implies that od(u1) ≤ n − 2, a contradiction.
This completes the proof of Claim 4.
Note that, by Claims 4 and 2 we have m = p− 2, B := {u, v} and uv, vu ∈ D.
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Remark. By symmetry of the vertices u and v, Claims 5-9 are also true for the vertex v.
Claim 5. If xiu, uxi+2 ∈ D, i ∈ [1,m], then |A(xi+1, v)| = 2 (i.e., xi+1v and vxi+1 ∈ D).
Proof. Since the cycle xiuxi+2xi+3 . . . xi has length m and the vertices v and xi+1 are not on this cycle,
the subdigraph 〈{v, xi+1}〉 is strong by Claim 2. Therefore vxi+1 and xi+1v ∈ D.
From Claim 5, uv, vu ∈ D and the maximality of the cycle C we have the following:
Claim 6. If i ∈ [1,m], then
|A({xi, xi+1} → u)|+ |A(u → xi+3)| ≤ 2 and |A(xi−2 → u)|+ |A(u → {xi, xi+1})| ≤ 2.
Claim 7. If k ∈ [1,m], then |A({xk−1, xk} → u)| ≤ 1.
Proof. Suppose, to the contrary, that is k ∈ [1,m] and {xk−1, xk} → u. Without loss of generality,
we may assume that A(u, xk+1) = ∅. To be definite, assume that xk+2 := x1 and xm := xk+1. Then
ux1 /∈ D by Claim 6.
First suppose that x1u ∈ D. It is easy to see that p ≥ 6 and A(u → {xm−1, xm, x1, x2}) = ∅. Using this
together with od(u) ≥ p/2− 1 we see that A(u → {x3, x4, . . . , xm−2}) 6= ∅ and d(u, {x1, x2, . . . , xm−1}) ≥
p− 3. Note that m ≥ 6 and show that for each j ∈ [3,m− 3],
|A(u → {xj , xj+1}| ≤ 1. (5)
Assume that (5) is not true. Then u → {xj , xj+1} for some j ∈ [3,m− 3]. We can assume that j is
as small as possible. Then A(u, xj−1) = ∅ and xj−2u /∈ D by Claim 6. Hence j ≥ 4. Since the vertex u
cannot be inserted into the cycle C, ux1 /∈ D and xj−2u /∈ D, by Lemma 2 we have
d(u, {x1, x2, . . . , xj−2}) ≤ j − 3 and d(u, {xj , xj+1, . . . , xm−1}) ≤ m− j + 1.
Hence d(u) ≤ p− 2, a contradiction, which proves (5).
From A(u → {xm−1, xm, x1, x2}) = ∅ and (5) it follows that od(u) ≤ p/2− 2, a contradiction.
So suppose next that x1u /∈ D. Then A(u, x1) = ∅ by Claim 6, m ≥ 4 and d(u, {x2, x3, . . . , xm−1})
≥ p− 3. Hence, ux2 ∈ D by Lemma 2(ii). Note that A(v, xm) = ∅ and vx1 /∈ D. By Lemma 2(iii), it is
easy to see that xm−1v ∈ D and d(v, {x1, x2, . . . , xm−1}) = p− 3. If x1v /∈ D, then A(v, x1) = ∅, and by
Lemma 2, vx2 ∈ D . Now we have xm−1u, vx2 ∈ D and A({u, v}, {xm, x1}) = ∅, and the considered Case
1 (h ≥ 1) holds. So we may assume that this is not the case. Then x1v ∈ D. We also can assume that
xm−2v /∈ D (otherwise {xm−2, xm−1, x1} → v and for the vertex v the considered case x1u ∈ D holds).
From xm−2v /∈ D and vx1 /∈ D, by Lemma 2(iii), it follows that d(v, {x1, x2, . . . , xm−2}) ≤ p− 5. Hence
vxm−1 ∈ D. From A(xm, {u, v}) = ∅ and d(xm) ≥ p − 1 we have d(xm, {x2, x3, . . . , xm−1}) ≥ p − 3.
Note that xm cannot be inserted into the path x2x3 . . . xm−1 (otherwise we obtain a cycle of length
m, which does not contain the vertices v and x1 and therefore, by Claim 2, the subdigraph 〈{v, x1}〉
is strong, which contradicts the fact that vx1 /∈ D). It follows that xmx2 ∈ D by Lemma 2, and
Cm+1 = xm−2uvxm−1xmx2 . . . xm−2, a contradiction. Claim 7 is proved.
Similarly to Claim 7, we can show the following:
Claim 8. If i ∈ [1,m], then |A(u → {xi, xi+1})| ≤ 1.
Claim 9. If k ∈ [1,m], then |A(xk → u)|+ |A(u → xk−1)| ≤ 1.
Proof. Suppose, to the contrary, that is k ∈ [1,m] and xku, uxk−1 ∈ D. To be definite, assume that
xk := x2. From Claims 7, 8 and (1) it follows that
A(u, {xm, x3}) = A(x1 → u) = A(u → x2) = ∅.
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From this it is easy to see that m ≥ 5 and d(u, {x4, x5, . . . , xm−1) ≥ p − 5. Since the vertex u cannot
be inserted into the path x4x5 . . . xm−1, by Lemma 2 we have ux4 and xm−1u ∈ D. Hence, |A(v, x3)| =
|A(v, xm)| = 2 by Claim 5. Therefore A(v, {x1, x2}) = ∅ by Claims 7 and 8. Since Cm+1 6⊂ D it is not
difficult to see that xmx2,x2x4,x1x3 and x3x2 /∈ D (if x3x2 ∈ D, then Cm+1 = xmvx3x2ux4 . . . xm).
So we have d(x2, {u, v, x1, x3}) ≤ 4 and d(x2, {x4, x5, . . . , xm} ≥ p − 5. Therefore, since xmx2 /∈ D and
x2x4 /∈ D, applying Lemma 2(iii), we can insert x2 into the path x4x5 . . . xm (i.e., xix2, x2xi+1 ∈ D
for some i ∈ [4,m − 1]) and obtain a cycle xmvux4 . . . xix2xi+1 . . . xm of length m, which does not
contain the vertices x1 and x3. By Claim 2, the subdigraph 〈{x1, x3}〉 is strong. Hence x1x3 ∈ D, which
contradicts the fact that x1x3 /∈ D. This completes the proof of Claim 9.
We now divide Case 2 (h = 0) into two subcases.
Subcase 2.1. p = 2n+ 1.
From (1) and Claims 7- 9 it follows that the vertex u (respectively, v) is adjacent with at most one
vertex of two consecutive vertices of the cycle C and O(u,C) = I(u,C) and O(v, C) = I(v, C). Hence,
without loss of generality, we may assume that
A(u, {x2, x3}) = ∅ and O(u) = I(u) = {x1, x4, x6, . . . , xp−3, v}. (6)
If m = 3, then Claim 3 implies that |A(v, x2)| = 2 or |A(v, x3)| = 2 and C4 ⊂ D, a contradiction.
Assume that m = 2n−1 ≥ 5. Since xm−1u ∈ D, by Claim 5 we have |A(xm, v)| = 2. Therefore, by an
argument similar to (6), we get that ether |A(v, x2)| = 2 or |A(v, x3)| = 2. From this and (6) it is easy to
see that if vx3 ∈ D, then Cm+1 = x1uvx3x4 . . . xmx1 and if x2v ∈ D, then Cm+1 = x2vux4x5 . . . xmx1x2,
a contradiction.
Subcase 2.2. p = 2n.
From d(u) ≥ 2n− 1 it follows that ether od(u) ≥ n or id(u) ≥ n. Without loss of generality, we may
assume that od(u) ≥ n (otherwise we will consider the digraph
←−
D). Now from Claims 7-9 it follows that
u → {x1, x3, . . . , x2n−3}, A(u, {x2, x4, . . . , x2n−2}) = ∅, (7)
I(u) ⊆ {v, x1, x3, . . . , x2n−3}. (8)
Since id(u) ≥ n− 1, without loss of generality, we may assume that {x1, x3, . . . , x2n−5} → u. Hence , by
(7) and Claim 5, it follows that for each i ∈ [1, n− 2],
|A(u, x2i−1)| = |A(v, x2i)| = 2. (9)
Then by Claims 7-9 we have A(v, {x1, x3, . . . , x2n−3}) = ∅. Therefore A(v, x2n−2) 6= ∅ since d(v) ≥ 2n−1,
i.e. vx2n−2 ∈ D or v2n−2v ∈ D. If vx2n−2 ∈ D, then x2n−3u ∈ D and x2n−2v ∈ D by Claim 5, (8) and
(9). So, in any case we have that x2n−2v ∈ D. Then id(v) ≥ n.
We will now show that
A(〈{x1, x3, . . . , x2n−3}〉) = ∅. (10)
Proof of (10). Assume that (10) is not true. Then xixj ∈ D for some distinct vertices xi, xj ∈
{x1, x3, . . . , x2n−3}. Assume that |{xi+1, xi+2, . . . , xj−1}| = 1. Then from (9) and x2n−2v ∈ D we have:
a) if j = 2n− 3, then i = 2n− 5 and Cm+1 = x2n−5x2n−3x2n−2vux1x2 . . . x2n−5; b) if j 6= 2n− 3, then
Cm+1 = xixjuvxj+1 . . . xi−1xi. Now assume that |{xi+1, xi+2, . . . , xj−1}| ≥ 2. Then n ≥ 6. Using (9) we
can see that: c) if i 6= 2n− 3 and j 6= 1, then Cm+1 = xixjxj+1 . . . xi−1vxi+1 . . . xj−2uxi; d) if i = 2n− 3
or j = 1, then Cm+1 = xixjxj+1 . . . xi−2uxi+2 . . . xj−1vxi−1xi. Hence in each case we have a Cm+1 ⊂ D,
8
which is a contradiction and (10) is proved.
Using an analogous argument for
←−
D , similarly to (10), we can show that A(〈{x2, x4, . . . , x2n−2}〉) = ∅.
Therefore
A(〈{v, x1, x3, . . . , x2n−3}〉) = A(〈{u, x2, x4, . . . , x2n−2}〉) = ∅ and D ⊆ K
∗
n,n.
This contradicts the our supposition. The discussion of Case 2 is completed and Theorem 1 is proved.
3. A sufficient condition for a digraph to be hamiltonian
Theorem 2. Let D be a digraph on 2n ≥ 6 vertices with minimum degree at least 2n − 1 and with
minimum semi-degree at least n− 1. Then D is hamiltonian unless
D ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {H(2n), H ′(2n), D6, D
′
6,
←−
D6,
←−
D′6}.
Proof. By Lemma 4(i), the result is easily verified if D is not strong. Now assume that D is strong.
The proof is by contradiction. Suppose that Theorem 2 is false, in particular, D is not hamiltonian.
Then it is not difficult to see that D 6⊆ K∗n,n. By Theorem 1, D has a cycle of length 2n − 1. Let
C := C2n−1 := x1x2 . . . x2n−1x1 be an arbitrary cycle of length 2n − 1 in D and let the vertex x is not
containing this cycle C. Since C is a longest cycle, using Lemmas 1 and 2, we obtain the following claim:
Claim 1. (i) d(x) = 2n− 1 and there is a vertex xl, l ∈ [1, 2n− 1] such that A(x, xl) = ∅.
(ii) If xix /∈ D, then xxi+1 ∈ D and if xxi /∈ D, then xi−1x ∈ D, where i ∈ [1, 2n− 1].
(iii) If A(x, xi) = ∅, then xi−1x, xxi+1 ∈ D and d(xi) = 2n− 1.
By Claim 1(i), without loss of generality, we may assume that A(x, x2n−1) = ∅. For convenience, let
p := 2n− 2 and y := x2n−1. We have yx1, xpy ∈ D and xpx, xx1 ∈ D by Claim 1(iii), and d(y) = 2n− 1
by Claim 1(i).
Let {u, v} := {x, y} and for each z ∈ {x, y} let
O−(z) := {xi/zxi+1 ∈ D, i ∈ [1, p− 2]}, I
+(z) := {xi/xi−1z ∈ D, i ∈ [2, p− 1]}.
We first prove the following Claims 2-11.
Claim 2. If xp−1u ∈ D, then A(O−(v)→ xp) = ∅.
Proof. Assume, to the contrary, that xp−1u ∈ D and xixp ∈ D, where xi ∈ O−(v). Then by the defini-
tion of O−(v), vxi+1 ∈ D and x1x2 . . . xixpvxi+1 . . . xp−1ux1 is a hamiltonian cycle, a contradiction.
Claim 3. If xp−1u, vxp ∈ D, then A(xp → I+(v)) = ∅.
Proof. Assume, to the contrary, that xp−1u, vxp and xpxi ∈ D, where xi ∈ I+(v). Then by the definition
of I+(v), xi−1v ∈ D and x1x2 . . . xi−1vxp xi . . . xp−1ux1 is a hamiltonian cycle, a contradiction.
Claim 4. If xp−1 → {x, y}, then od(x) = od(y) = n− 1, id(x) = id(y) = n and O(x) = O(y).
Proof. Let xp−1 → {x, y}. Since C is longest cycle of D, we have A({x, y} → xp) = ∅. By Claim
2, A(O−(x) ∪ O−(y) → xp) = ∅. Hence, |O−(x) ∪ I−(y) ∪ {x, y}| ≤ n by Lemma 4(ii). Therefore,
since |O−(u)| = od(u) − 1, we deduce that od(x) = od(y) = n − 1 and O(x) = O(y). Together with
d(x) = d(y) = 2n− 1 this implies that id(x) = id(y) = n. Claim 4 is proved.
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Similarly to Claim 4, we can show the following claim:
Claim 5. If {x, y} → x2, then id(x) = id(y) = n− 1, od(x) = od(y) = n and I(x) = I(y).
Claim 6. |A(xp−1 → {x, y})| ≤ 1.
Proof. Assume, on the contrary, that xp−1 → {x, y}. Then id(x) = id(y) = n, od(x) = od(y) = n − 1
and O(x) = O(y) by Claim 4. Hence, xx2 ∈ D if and only if yx2 ∈ D. Therefore, A({x, y} → x2) = ∅
by Claim 5. Hence, x1 → {x, y} by Claim 1(ii). Together with od(x) ≥ 2 this implies that there exists
an k ∈ [2, p − 2] such that xk−1x, xxk+1 ∈ D and A(x, xk) = ∅. Applying Claim 1(iii) we find that
d(xk) = 2n− 1. From O(x) = O(y) it is not difficult to see that A(xk, y) = ∅, yxk+1, xk−1y ∈ D. Then
by Lemma 2, since xk cannot be inserted into the path x1x2 . . . xk−1 and into the path xk+1xk+2 . . . xp,
we have
d(xk, {x1, x2, . . . , xk−1}) ≤ k and d(xk, {xk+1, xk+2, . . . , xp}) ≤ p− k + 1.
Using this, d(xk) = p+ 1, A(xk, {x, y}) = ∅ and Lemma 2(ii), we obtain
xkx1, xpxk ∈ D and d(xk, {x1, x2, . . . , xk−1}) = k, d(xk, {xk+1, xk+2, . . . , xp}) = p− k + 1. (11)
We now show that
A({x, y} → xk+2) = ∅. (12)
Proof of (12). Suppose that (12) is false. From O(x) = O(y) it is clear that {x, y} → xk+2. Since
xkx1 ∈ D we see that xk+1xk /∈ D (otherwise xk+1xk ∈ D and x1x2 . . . xk−1xxk+2 . . . xpyxk+1xkx1 is a
hamiltonian cycle, a contradiction). Note that x1x2 . . . xk−1xxk+1 . . . xpyx1 is a cycle of length 2n − 1
and the vertex xk cannot be inserted into this cycle. Then, since xk+1xk /∈ D and d(xk) = 2n− 1, using
Claim 1(ii) we get xkxk+2 ∈ D. From this it follows that {x, xk} → {xk+1, xk+2} and xk−1 → {x, xk}
for the path xk+1xk+2 . . . xpyx1x2 . . . xk−1. Therefore id(x) = n − 1 by Claim 5, which contradicts the
fact that id(x) = n. This proves (12).
From x1 → {x, y} and (12) it follows that |A(x → {xi, xi+1})| ≤ 1 for each i ∈ [1, p− 2]. Therefore,
since od(y) = od(x) = n− 1 and O(x) = O(y), it is not difficult to see that
{x, y} → {x1, x3, . . . , xp−1} → {x, y}, (13)
A({x, y}, {x2, x4, . . . , xp−2}) = ∅. (14)
Together with Claim 2 this implies that
A({x2, x4, . . . , xp−2} → xp) = ∅. (15)
It is not difficult to show that
A(〈{x2, x4, . . . , xp−2}〉) = ∅. (16)
Indeed, if (16) is false, then xixj ∈ D for some distinct vertices xi, xj ∈ {x2, x4, . . . , xp−2}. It is easy
to see that if i < j, then C2n = x1x2 . . . xixj . . . xpyxi+1 . . . xj−1xx1 and if i > j, then xjx1 ∈ D by (11),
and C2n = x1x2 . . . xj−1xxi+1 . . . xpyxj+1 . . . xixjx1, a contradiction.
From (14) and (16) it follows that A(〈{x, y, x2, x4, . . . , x2n−4}〉) = ∅. By (15), now it is not diffi-
cult to see that D ∈ H(n, n − 1, 1), where a := xp, A := {x, y, x2, x4, . . . , x2n−4} and B := {x1, x3, . . . ,
x2n−3}. This contradicts to our supposition that D /∈ H(n, n−1, 1). The proof of Claim 6 is completed.
Similarly to Claim 6, we can show the following claim:
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Claim 7. |A({x, y} → x2)| ≤ 1.
Claim 8. There is a vertex xi, i ∈ [2, p − 1], such that A(x, xi) = ∅ (i.e., if C2n−1, p = 2n − 2, is an
arbitrary cycle of D and the vertex x /∈ C2n−1, then x is not adjacent with at least two vertices).
Proof. Suppose, on the contrary, that the vertex x is adjacent with each vertex xi, i ∈ [2, p− 1]. Since
n ≥ 3, d(x) = p+ 1 and D is not hamiltonian, there is an l ∈ [2, p− 1] such that
O(x) = {x1, x2, . . . , xl} and I(x) = {xl, xl+1, . . . , xp}. (17)
Since od(x) and id(x) ≥ n− 1, we see that l = n− 1 or l = n. Hence xp−1y /∈ D and yx2 /∈ D by Claims
6 and 7. Now x1y and yxp ∈ D by Claim 1(ii). Therefore, since y cannot be inserted into the path
x1x2 . . . xp, there is a vertex xk, k ∈ [2, p− 1], such that A(y, xk) = ∅. Using Claim 1(iii), we get
xk−1y, yxk+1 ∈ D and d(xk) = p+ 1. (18)
Choose k is as large as possible. It follows that y → {xk+1, xk+2, . . . , xp} and k ≥ l − 1. We can assume
that k ≥ l (if k = l − 1, then in digraph
←−
D we will have the case k ≥ l + 1).
Suppose first that k ≥ l+1. If xixk ∈ D, where i ∈ [1, l−1], then by (17) and (18), x1x2 . . . xixk . . . xp
xxi+1 . . . xk−1yx1 is a hamiltonian cycle, a contradiction. So we may assume that A({x1, x2, . . . , xl−1} →
xk) = ∅. Using this together with A({x, y} → xk) = ∅, l ≥ n−1 and id(xk) ≥ n−1, we obtain xpxk ∈ D.
Therefore x1x2 . . . xk−1yxk+1 . . . xpxkxx1 is a hamiltonian cycle, a contradiction.
Now suppose that k = l. Assume, without loss of generality, that A(xi, y) 6= ∅ for each i ∈ [2, l − 1]
(otherwise in
←−
D we will have the considered case k ≥ l + 1). Then from x1y ∈ D it follows that
{x1, x2, . . . , xl−1} → y. (19)
We also can assume that l = n (if l = n− 1, then in
←−
D we will have the case l = n). So, we have k = l =
n. It is not difficult to see that
A(x1, xn) = A({x1, x2, . . . , xn−2, xp} → xn) = A(xn → {xn+2, xn+3, . . . , xp−1}) = ∅. (20)
Indeed, if it is not true, then by (17) and (19) we have
if xixn ∈ D and i ∈ [1, n− 2], then C2n = x1x2 . . . xixn . . . xpxxi+1 . . . xn−1yx1;
if xnxi ∈ D and i ∈ [n+ 2, p− 1], then C2n = x1x2 . . . xnxixi+1 . . . xpyxn+1 . . . xi−1xx1;
if xpxn ∈ D, then C2n = x1x2 . . . xn−1yxn+1 . . . xpxnxx1;
if xnx1 ∈ D, then C2n = x1x2 . . . xn−1yxn+1 . . . xpxxnx1. In each case we have a hamiltonian cycle,
a contradiction, and (20) holds.
Therefore from d(xn) = 2n− 1 and (20), since xn cannot be inserted into the paths x1x2 . . . xn−1 and
xn+1xn+2 . . . xp, it follows that (by Lemma 2)
{xn+1, xn+2, . . . , xp−1} → xn → {x2, x3, . . . , xn−1}. (21)
If xix1 ∈ D for some i ∈ [2, p−1]\{n}, then by (17), (18), (19) and (21) we have if i ∈ [2, n−1], then C2n =
x1x2 . . . xi−1yxn+1 . . . xpxxi+1 . . . xnxix1 and if i ∈ [n+1, p−1], then C2n = x1x2 . . . xn−1yxi+1 . . . xpxxn
. . . xix1, a contradiction. So, we may assume that
A({x2, x3, . . . , xp−1} → x1) = ∅. (22)
Hence, by Lemma 4(ii), 2n − 4 ≤ n, i.e. n ≤ 4. Let n = 4. Then by (22,) id(x1) ≤ 3. On the
other hand, from A(x1 → {x, x3, x4, x5}) = ∅ it follows (if x1x5 ∈ D, then x4x2 ∈ D by (21), and
C8 = x1x5x6xx3x4x2yx1) that od(x1) ≤ 3. So d(x1) ≤ 6, a contradiction. Let now n = 3. From (21) we
see that x3x2 ∈ D. Hence it is easy to see that x4x3 /∈ D by (20), x4x2 /∈ D and
A(x1 → {x, x3, x4}) = A({x2, x3} → x1) = ∅.
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Therefore x4x1 ∈ D. Now, it is not difficult to check that D is isomorphic to one of the digraphs D6, D′6,
a contradiction. This completes the proof of Claim 8.
Similarly to Claim 8, we can show the following claim:
Claim 9. There is a vertex xi, i ∈ [2, p− 1], such that A(y, xi) = ∅.
Claim 10. xp−1y /∈ D.
Proof of claim 10. Suppose, on the contrary, that xp−1y ∈ D. By Claim 6 we have xp−1x /∈ D.
Therefore xxp ∈ D by Claim 1(ii) . By Claim 8 there is a vertex xl, l ∈ [2, p− 1], such that A(x, xl) = ∅.
Using Claim 1(iii), we obtain
xl−1x, xxl+1 ∈ D and d(xl) = 2n− 1 = p+ 1. (23)
For the vertex xl we first will prove the following statements (a)-(i).
(a). xpxl /∈ D.
Proof. Indeed, if (a) is not true, then xpxl ∈ D and C2n = x1x2 . . . xl−1xxpxl . . . xp−1yx1 by (23), a
contradiction.
(b). If l ≤ p− 2, then A(xl, xp) = ∅.
Proof. From l ≤ p− 2 it follows that xl ∈ O−(x). Hence xlxp /∈ D by Claim 2. Therefore by statement
(a), A(xl, xp) = ∅.
(c). If l ≤ p− 2, then xp−1xl and xly ∈ D.
Proof. Note that A(xl, xp) = ∅ by statement (b), and the cycle x1x2 . . . xl−1xxl+1 . . . xpyx1 has length
2n− 1. Therefore xp−1xl and xly ∈ D by Claim 1(iii).
(d). If l ≤ p− 2, then A(y → {xl, xl+1, . . . , xp}) 6= ∅.
Proof. Suppose, on the contrary, that A(y → {xl, xl+1, . . . , xp}) = ∅. It follows that O−(y) ⊆
{x1, x2, . . . , xl−2}. If xi ∈ O−(y) and xixl ∈ D, then C2n = x1x2 . . . xixl . . . xpyxi+1 . . . xl−1xx1 is a
hamiltonian cycle in D, a contradiction. So we can assume that A(O−(y) → xl) = ∅. Together with
A({x, y} → xl) = ∅ and |O−(y)| ≥ n− 2 this implies that xpxl ∈ D. But this contradicts (a), and hence
(d) is proved.
(e). If l ≤ p− 2, then xpxl+1 /∈ D and xl−1xp /∈ D.
Proof. Recall that xxp, xpx ∈ D, and xp−1xl, xly ∈ D by (c). Then by (23) we have, if xpxl+1 ∈ D,
then C2n = x1x2 . . . xl−1xxpxl+1 . . . xp−1xlyx1 and if xl−1xp ∈ D, then C2n = x1x2 . . . xl−1xpxxl+1 . . .
xp−1xl yx1. Therefore D is hamiltonian, a contradiction.
(f). If l ≤ p− 2 and xxl+2 ∈ D, then xlxl+2 /∈ D and xl+1xl ∈ D.
Proof. Indeed, if xlxl+2 ∈ D, then for the path xl+1xl+2 . . . xpyx1x2 . . . xl−1 we have {x, xl} →
{xl+1, xl+2} and xl−1 → {x, xl}, which contradicts Claim 7. So xlxl+2 /∈ D. Now from Claim 1(ii)
it follows that xl+1xl ∈ D.
(g). If l ≥ 3 and xl−2x ∈ D, then xl−2xl /∈ D and xlxl−1 ∈ D.
Proof. Indeed, if xl−2xl ∈ D, then for the path xl+1xl+2 . . . xpyx1 . . . xl−2xl−1 we have {xl−2, xl−1}
→ {x, xl} and {x, xl} → xl+1, which contradicts Claim 6. So xl−2xl /∈ D. From this and Claim 1(ii) it
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follows that xlxl−1 ∈ D. Statement (g) is proved.
(h). If l ≤ p − 2, then xixp ∈ D if and only if xi /∈ {xl−1} ∪ O−(x); and xpxi ∈ D if and only if
xi /∈ {xl+1} ∪ I+(x).
Proof. By Claims 2, 3 and statement (e) we have
A(O−(x) ∪ {xl−1, y} → xp) = A(xp → {xl+1} ∪ I
+(x)) = ∅. (24)
From xp−1x /∈ D and xxp ∈ D, we get that
|I+(x)| = id(x) − 1 and |O−(x)| = od(x) − 2.
Therefore id(xp) ≤ 2n− 1− od(x) and od(xp) ≤ 2n− 1− id(x) by (24). Hence id(xp) = 2n− 1 − od(x)
and od(xp) = 2n− 1− id(x) (otherwise d(x) + d(xp) < 4n− 2, which is a contradiction). Now from this
it is not difficult to see that statement (h) is true.
Recall that the proof of statement (h) implies the following statement:
(i). The vertex x is not adjacent with at most one vertex of the path x1x2 . . . xp−2, in particular, the
vertex x is not adjacent with at most 3 vertices (i.e., if C2n−1 is an arbitrary cycle of D and the vertex
x /∈ C2n−1, then x is not adjacent with at most tree vertices).
By Claim 8 there is a vertex xk, k ∈ [2, p− 1], such that A(x, xk) = ∅. Without loss of generality,
assume that k is as large as possible. From the maximality of k and Claim 1(iii) it is easy to see that
xk−1x ∈ D, d(xk) = p+ 1, x → {xk+1, xk+2, . . . , xp}, A({xk+1, xk+2, . . . , xp−1} → x) = ∅. (25)
We now consider two cases.
Case 1. k ≤ p− 2.
Then by statement (c) we have
xp−1xk ∈ D and xky ∈ D. (26)
From statement (i) and (25) it follows that if i ∈ [1, p] and i 6= k, then
A(x, xi) 6= ∅. (27)
It is easy to see that n ≥ 4. Indeed, if n = 3, then k = 2 and by (26) the vertex y is not adjacent only
with one vertex of the cycle x1x2 . . . xpxx1, which contradicts Claim 9.
Suppose first that k ≤ p− 3. Then x1 /∈ I+(x), and xk+2 /∈ I+(x) by (25). Together with statement
(h) this implies that
xp → {x1, xk+2}. (28)
If xk+1y ∈ D, then using (25), (26) and (28), we obtain C2n = x1x2 . . . xk−1xxpxk+2 . . . xp−1xkxk+1y
x1, a contradiction. So, we may assume that xk+1y /∈ D. Since xky ∈ D by (26), we see that A(y, xk+1) =
∅. Therefore yxk+2 ∈ D by Claim 1(iii). Recall that xk+1xk ∈ D by statement (f), and hence by (25)
and (28) we have a hamiltonian cycle x1x2 . . . xk−1xxk+1xkyxk+2 . . . xpx1, a contradiction.
Suppose next that k = p− 2. Then by xp−1y ∈ D and statements (d), (c), yxp−2 ∈ D. If xx2 ∈ D,
then x1x /∈ D, x2 /∈ I+(x) and xpx2 ∈ D by statement (h). Since xx2 ∈ D, by Claim 7 we have yx2 /∈ D.
Therefore x1y ∈ D by Claim 1(ii), and we get a hamiltonian cycle x1yxp−2xp−1xpx2 . . . xp−3xx1, a
contradiction. So we may assume that xx2 /∈ D. From this and (27) it follows that
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{x1, x2, . . . , xp−3} → x and A(x → {x2, x3, . . . , xp−3}) = ∅.
Therefore n = 4 (i.e., p = 6). Then x4x3 ∈ D by statement (g). We can assume that yx2 /∈ D
(otherwise yx2 ∈ D and for
←−
D we will have the considered case k ≤ p − 3). From Claim 1(ii) and
od(y) ≥ 3 it is easy to see that x1y, yx3 ∈ D and A(y, x2) = ∅. Since x1 /∈ I+(x), we have x6x1 ∈ D
and x6x2 /∈ D by statement (h). Then x5x2 /∈ D (otherwise x5x2 ∈ D and C2n = x1yx4x5x2x3xx6x1).
Now we have A({x, y, x5, x6} → x2) = ∅. Hence x4x2 ∈ D and C2n = x1yx3x4x2xx5x6x1, a contradiction.
Case 2. k = p− 1.
Suppose first that yxp−1 /∈ D. Then it is not difficult to see that A(O
−(y) → xp−1) = ∅ (otherwise
if xi ∈ O−(y) and xixp−1 ∈ D, then C2n = x1x2 . . . xixp−1xpyxi+1 . . . xp−2xx1). This together with
|O−(y)| = od(y)− 1 and A({x, y, xp} → xp−1) = ∅ implies that id(xp−1) ≤ n− 2, a contradiction.
Suppose next that yxp−1 ∈ D. We assume that n ≥ 5 (It is tedious, but not difficult to prove the
theorem in this case for n = 3 and 4. We leave its proof to the reader).
Subcase 2.1. xx2 ∈ D.
Then x1x /∈ D. Using Claims 7 and 1(ii), we obtain yx2 /∈ D and x1y ∈ D. We may assume that
A(x2, y) = ∅ (otherwise for the vertex y in digraph
←−
D we have the considered Case 1 (k ≤ p− 2)). Then
by Claim 1(iii), yx3 ∈ D. Similarly to yxp−1 ∈ D, we also may assume that x2x ∈ D. From n ≥ 5 it
follows that A(x, xs) = ∅ for some s ∈ [3, p− 3] (otherwise O(x) = {x1, x2, xp}, i.e., od(x) ≤ 3, a contra-
diction). Since x2 /∈ {xs+1} ∪ I+(x), using statement (h), we see that xpx2 ∈ D and x1yx3 . . . xpx2xx1
is a hamiltonian cycle, a contradiction.
Subcase 2.2. xx2 /∈ D.
Then x1x ∈ D by Claim 1(ii). By statement (i), the vertex x is not adjacent with at most one vertex
of {x1, x2, . . . , xp−3}. From this and n ≥ 5 it follows that A(x, xs) = ∅ exactly for one s ∈ [2, p − 4]
(otherwise A(x, xi) 6= ∅ for each i ∈ [2, p − 4] and by xx2 ∈ D, A(x → {x2, x3, . . . , xp−3}) = ∅, i.e.
O(x) ⊆ {x1, xp−2, xp} and od(x) ≤ 3, which contradicts that n ≥ 5).
Let s = 2 (i.e., A(x, x2) = ∅). Note that x1x, xx3 ∈ D by Claim 1(iii). From statement (c) it follows
that xp−1x2 and x2y ∈ D. Since x1 /∈ I
+(x), by statement (h) we have xpx1 ∈ D. If yx2 /∈ D, then
x1y ∈ D by Claim 1(ii), and x1yxp−1x2 . . . xp−2xxpx1 is a hamiltonian cycle, a contradiction. So we may
assume that yx2 ∈ D. Also we may assume that id(x) = n (for otherwise we will consider the digraph
←−
D).
Then, since n ≥ 4, we see that {xp−3, xp−2} → x and by (g), xp−1xp−2 ∈ D. Then xp−3 /∈ O−(x)∪ {x1}
and by (h) (l = 2) we see that xp−3xp ∈ D. Thus x1x2 . . . xp−3xpyxp−1xp−2xx1 is a hamiltonian cycle,
a contradiction.
Let now s ∈ [3, p − 4]. Then from x1x ∈ D it follows that {x2, x3, . . . , xs−1} → x. Together with
statement (i) this implies that
{xs−2, xs−1} → x→ {xs+1, xs+2}.
By statements (f) and (g) we have xs+1xs, xsxs−1 ∈ D, xsxs+2 /∈ D and xs−2xs /∈ D.
It is not difficult to show that
A(xs, {xs−2, xs+2}) = ∅. (29)
Indeed, if xsxs−2 ∈ D, then, since {xs−2, xs−1} → x, for the path xs+1xs+2 . . . xpyx1x2 . . . xs−1 and
for the vertex xs we will have the considered Case 1, and if xs+2xs ∈ D, then in digraph
←−
D for the
path xs−1xs−2 . . . x1yxpxp−1 . . . xs+2xs+1 and for the vertex xs again we will have the considered Case 1
(k ≤ p− 2) and (29) holds.
14
Recall that A(xs, xp) = ∅ by statement (b). Together with (29) and A(xs, x) = ∅ this implies that
A(xs, {x, xp, xs−2, xs+2} = ∅,
i.e., the vertex xs is not adjacent with at least 4 vertices of cycle x1x2 . . . xs−1xxs+1 . . . xpyx1, this is
contrary to statement (i). The proof of Claim 10 is completed.
Similarly to Claim 10 (xp−1y /∈ D), we can show the following claim:
Claim 11. xp−1x /∈ (G), xx2 /∈ D and yx2 /∈ D.
Now let us complete the proof of Theorem 2. Without loss of generality, we may assume that
od(x) = n. It follows that x → {xi, xi+1} for some i ∈ [1, p − 1]. Using Claims 10, 11 and 1(ii) we
see that i ≥ 3 and x1 → {x, y}. Therefore A(x, xl) = ∅, x → {xl+1, xl+2} and xl−1x ∈ D for some
l ∈ [2, i − 1]. So, for the path xl+1xl+2 . . . xpyx1 . . . xl−1 we have A(x, xl) = ∅, x → {xl+1, xl+2} and
xl−1xl, xlxl+1, xl−1x ∈ D. This is a contradiction to Claim 11 (xx2 /∈ D) that xxl+2 /∈ D. The proof of
Theorem 2 is completed.
4. Cycles of length 3 and 4 in digraph D.
The next two results will be used in the proof of Theorem 3.
Theorem A (R. Ha¨ggkvist, R. J. Faudree, R.H. Schelp [20]). Let G be an undirected graph on 2n+1 ≥ 7
vertices with minimum degree at least n. Then precisely one of the following hold: (i) G is pancyclic;
(ii) G ≡ (Kn ∪Kn) +K1; or (iii) Kn,n+1 ⊆ G ⊆ Kn +Kn+1.
Theorem B (C. Tomassen [30]). Let D be a strongly connected digraph on p ≥ 3 vertices. If for each pair
x, y of nonadjacent distinct vertices d(x)+d(y) ≥ 2p, then D is pancyclic or p is even and D ≡ K∗p/2,p/2.
Now we difine the digraphs C∗6 (1), H
′
6 and H
′′
6 as folllows:
(i) V (C∗6 (1)) = {x1, x2, . . . , x6} and A(C
∗
6 (1)) = {xixi+1, xi+1xi/i ∈ [1, 5]} ∪ {x1x6, x6x1, x1x3, x1x5,
x2x4, x6x4};
(ii) V (H
′
6) = V (H
′′
6 ) = {x, y, z, u, v, w}, A(H
′
6) = {ux, xu, xv, vx, yz, zy, zw,wz, xw, xy, uz, vz, wu,
wv, yu, yv} and A(H
′′
6 ) = {ux, xu, xw, xy, vx, vz, vw,wv, wu, zw, zy, yz, uz, yu, yv}.
Theorem 3. Let D be a digraph on p ≥ 5 vertices with minimum degree at least p−1 and with minimum
semi-degree at least p/2− 1. Then the following hold:
(i) D contains a cycle of length 3 or p = 2n and D ⊆ K∗n,n or else D ∈ {C
∗
5 ,K
∗
n,n+1};
(ii) D contains a cycle of length 4 or D ∈ {C∗5 , H
′
6, H
′′
6 , C
∗
6 (1), H(3, 3), [(K2 ∪K2) +K1]
∗} .
Proof. Using Theorems A and B, we see that Theorem 3 is true if D is a symmetric digraph. Suppose
that D is not symmetric digraph. If D contains no cycle of length 3, then it is not difficult to show that
p = 2n and D ⊆ K∗n,n (we leave the details to the reader).
Assume that D contains no cycle of length 4. For each arc xy ∈ D put
S(x, y) := I(x) ∩O(y) and E(x, y) := V (D) \ (O(y) ∪ I(x) ∪ {x, y}).
Since D has no cycle of length 4, we see that
A(O(y) \ {x} → I(x) \ {y}) = ∅. (30)
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Let us consider the following cases.
Case 1. There is an arc xy ∈ D such that yx /∈ D and od(y) ≥ n or id(x) ≥ n, where n := ⌊p/2⌋.
Without loss of generality, we can assume that od(y) ≥ n (if id(x) ≥ n, then we will consider the
digraph
←−
D). Then from (30) and Lemma 4(ii) it follows that
I(x) ⊆ O(y), I(x) = S(x, y) and A(〈S(x, y)〉) = ∅. (31)
We now shall prove that
I(x) = O(y). (32)
Proof of (32). Assume that (32) is not true. Then O(y) \ I(x) 6= ∅ by (31), and let z ∈ O(y) \ I(x). By
(30), A(z → {x} ∪ I(x)) = ∅. From this and Lemma 4(ii) it follows that |{x} ∪ I(x)| = p/2, p = 2n ≥ 6,
id(x) = n− 1 and
z → V (D) \ ({x, z} ∪ I(x)), (33)
in particular, zy ∈ D, od(z) = n − 1 and id(z) ≥ n. If xz ∈ D, then C4 = xzyux, where u ∈ S(x, y),
contradicting the our assumption. Therefore xz /∈ D. From id(x) = n − 1, id(z) ≥ n and Lemma 4(ii)
it follows that uz ∈ D for some vertex u ∈ I(x). Now it is not difficult to see that O(y) \ I(x) = {z},
E(x, y) 6= ∅ and A(E(x, y)→ y) = ∅.
Suppose first that for each vertex v ∈ I(x) there is a vertex v1 ∈ E(x, y) such that v1v ∈ D. Hence
A(I(x)→ y) = ∅ by (33) and C4 6⊂ D. Therefore A(I(x)∪E(x, y) → y) = ∅, |E(x, y)| = 1 and n = 3. Let
E(x, y) := {w} and I(x) := {u, v}. Note that w → {u, v}. Now it is not difficult to see that if wz ∈ D,
then D ≡ H
′
6 and if wz /∈ D, then D ≡ H
′′
6 .
Suppose next that A(E(x, y) → v) = ∅ for some v ∈ I(x). Then |E(x, y)| = 1 by (31) and n = 3,
xv ∈ D, vy /∈ D and v → {z, w}, where w ∈ E(x, y). Now it is easy to see that O(w) = {z}. Therefore
od(w) ≤ 1, a contradiction. This proves (32), i.e., I(x) = O(y) = S(x, y).
Subcase 1.1. A(x → S(x, y)) 6= ∅.
Let xu ∈ A(x → S(x, y)). If uy ∈ D, then C4 = xuyu1x, where u1 ∈ S(x, y) \ {u}, a contradiction.
So we may assume that uy /∈ D. From od(y) ≥ n, (32) and (31) we get that u→ E(x, y) and od(y) = n.
It is not difficult to see that A(E(x, y)→ (S(x, y) \ {u})) = ∅ (otherwise C4 ⊂ D). Then E(x, y) := {w},
wu,wy ∈ D since wx /∈ D, and xv ∈ D, where v ∈ S(x, y) \ {u}. Then vy ∈ D or vw ∈ D. In both case
we obtain a cycle of length 4, which is a contradiction.
Subcase 1.2. A(x → S(x, y)) = ∅.
We can assume that A(S(x, y)→ y) = ∅ (otherwise in
←−
D we will have Subcase 1.1). From od(y) ≥ n,
by (32) and Lemma 4(ii) we have E(x, y) 6= ∅ and x → E(x, y) → y. Therefore C4 = xzyux, where
z ∈ E(x, y) and u ∈ S(x, y), which is a contradiction and completes the discussion of Case 1.
Case 2. For each arc xy ∈ D if yx /∈ D, then od(y) < n and id(x) < n.
From conditions of theorem it follows easily that od(y) = id(x) = n−1 and p = 2n ≥ 6. If S(x, y) = ∅,
then using (30) and Lemma 4 (ii) it is easy to see that C4 ⊂ D or D ∈ H(3, 3). Assume that S(x, y) 6= ∅.
Since id(y) and od(x) ≥ n, we can assume that O(y)→ y and x → I(x) (otherwise for some arc ux or yv
we have the considered Case 1). Hence it is easy to see that |S(x, y)| = 1, I(x) 6= O(y) and |E(x, y)| = 1.
Let E(x, y) := {w} and S(x, y) := {z}. From (30) it follows that O(y) \ {z} → w → I(x) \ {z}. From
this, we obtain A(z, w) = ∅ since C4 6⊂ D. Now it is not difficult to see that for some v ∈ I(x)− {z} (or
u ∈ O(y)− {z}) vz ∈ D (or zu ∈ D). Without loss of generality we may assume that zu ∈ D. From this
we have A(I(x) \ {z} → z) = ∅, wy /∈ D and n = 3. Hence wu, vw, xw, vu ∈ D and D ≡ C∗6 (1). This
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completes the proof of Theorem 3.
In [13], we proved the following:
Theorem. Let D be a digraph on p ≥ 10 vertices with minimum degree at least p−1 and with minimum
semi-degree at least p/2− 1 (n := ⌊p/2⌋). Then D is pancyclic unless
p = 2n+ 1 and K∗n,n+1 ⊆ D ⊆ (Kn +Kn+1)
∗ or p = 2n and G ⊆ K∗n,n
or else
D ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {[(Kn ∪Kn) +K1]
∗, H(2n), H ′(2n)}.
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